In this paper, we present a function for the share of factors of output, which is in complete agreement with primary production theories in microeconomics. We follow some assumptions for production function, and also payment to each factor equals their marginal products, and we create a new production function which is called the efficient production function. We then try not only to remove the significant defects in Cobb-Douglas production function but also by accept the presented theory. We conclude that the need for most previous approaches have caused problems and even the developed functions have not been able to solve the problem. The presented model in complete agreement is also supported by the empirical findings for the United States (U.S.) economy.
Introduction
Most economists while using production functions refer to a set of functions with constant elasticity of substitution which is known as C.E.S functions in economic literature. One of the most well-known members of this set of production functions is the Cobb-Douglas production function. As we know, the creation of this function goes back to the mid-1920s. While studying time series data relating to the U.S economy, Cobb and Douglas (1928) noticed a surprising fact. The division of national income between capital and labor had been roughly constant over a long period. He asked Cobb who was a mathematician, what production function, if any, would produce constant factor shares if factors always earned their marginal products. The attempts of these two scientists resulted in the creation of a production function in the economy which is known as Cobb-Douglas production function. Later, the efforts of some other economists in early 1960s resulted in the derivation of set production functions with constant elasticity of substitution.
A salient point in this article is that while using Cobb-Douglas production function the fact that the share of factors of output without paying attention to ratio use of factors is always constant, is in complete contrast with the primary concepts in production theory. According to the theory of production it is evident that for the low ratios of capital per worker, the share of capital in output must be higher than the percentage of labor in production and by contrast for high proportions of capital per worker, the percentage of capital in output must be less than the share of labor in output. Under such conditions, elasticity or the share of factors of output relating labor and capital inputs cannot always be presumed to be constant.
In this paper, we propose a production function with a constant return to scale property. The presumption that factors always earn their marginal products. We present a proper function, which is in complete agreement with primary concepts in production theory for the share of factors of output and tries to substitute a more efficient production function for other production functions.
The rest of the paper is organized as follows. Section 2 briefly reviews the literature. Section 3 provides a model presentation. Section 4 concludes.
Review of Literature
A production function is a convenient and useful tool in many fields of economic analysis. It serves as a basis for the analysis of economic growth and the determination of optimum patterns of international trade and provides a framework for the measurement of technical change and the study of the behavior of relative factor shares. There is a wide choice of algebraic forms which can be used to represent production functions. In aggregate models, the purest form is the fixed coefficient production function, which is represented by rectangular isoquants with the constant returns to scale. In this model, there is no opportunity for changing relative factor inputs, then the elasticity of substitution between factors of production is zero. Probably the most popular production function is the Cobb -Douglas function. This production is simple to explain and easy to fit the logarithmic form of the function by the conventional regression method.
Meanwhile, the function has had a long and prosperous life without serious rivals, but the underlying assumption of the Cobb-Douglas function that the elasticity of substitution is unity has been attacked, and the constancy of the relative factor shares has been questioned. Arrow et al. (1961) estimated that the elasticity of substitution is 0.569 for U.S. non-farm sectors, Kendric and Sato (1963) estimate 0.58 and Kravis (1959) predicted 0.64 for the entire U.S. economy. Kravis (1959) has examined U.S. data for the period from 1900 to 1957 and has concluded that the notion of long-run constancy in the relative factor shares is false; the labor's share has risen from 55 percent of national income at the beginning of the century to 67 percent in the 1930s and has remained at approximately that level in the ensuing decades. Johnson (1954) , studying the functional distribution of income in 93 the United States during the period 1850 to 1952, has observed that employee compensation increased from 55.0 percent of national income in 1900 -1909 to 64.3 percent in 1947 -1952 . Solow (1958 also has estimated that the share of compensation of employees rose from 58.2 percent of national income in 1929 to 68.9 percent in 1955. Lu (1967) added the variable of capital per worker in the Constant Elasticity of Substitution (CES) model tried to reach a production function with variable elasticity of substitution. So that, unlike Revankar (1971) model the mentioned model could include the Cobb-Douglas and fixed coefficient functions as individual cases. Antras (2004) by using data from the private sector of the U.S economy for the period 1948-1998 and based on Berndt's specification which assumes that technological change is Hicks neutral, shows that elasticities of substitution are not significantly different from one. Also, Mankiw (2009) has estimated that the share of factors from income roughly has been constant from 1960 to 2007. Thus, many empirical pieces of evidence have shown that until the early 1960s the elasticity of substitution was not unity. Therefore, the Cobb-Douglas function fails to explain the changes in the relative factor shares for the years before 1960.
Theoretically, this product has been vigorously challenged by a new production function introduced by Arrow et al. (1961) , this function is called the CES production function and is derived based on a good fit of a linear, logarithmic function of the following type to observations on value added per unit of labor and the wage rates. It is clear that the CES function includes the Cobb -Douglas and fixed coefficient functions as exceptional cases.
Possibly the weakest point of the CES function is that the value of the elasticity of substitution is constant. By the way, when the ratio of capital per worker varies due to changes in the factor price ratio, it is possible that the elasticity of substitution does not remain constant. To solve, this problem, Revankar (1971) proposed a variable elasticity of substitution production function. For this purpose, the author introduced the hypothesis that the elasticity of substitution is a linear function of capital per worker.
Finally, in this paper, a new theory has been presented which is not only in complete agreement with primary concepts of production theories but also can be a good substitution for all previously mentioned function. Indeed, by accepting the presented method, the need for most previous approaches which have caused problems and even the developed functions have not been able to solve the problem will be removed. In the end, we observe that the presented model is in complete agreement with the empirical observations of the U.S. economy during the last two centuries.
Presentation of the Theoretical Model
To derive the efficient production function, which has constant return to scale property, payment to factors is always equal to their marginal products. We present a proper function which is in complete agreement with primary concepts in production theory for the share of factors of output, it is also assumed that the production function is differentiable.
So with the help of production function, we can have relation Eq. (1) as follows:
Now according to constant return to scale assumption and Euler's theorem, we have relation Eq.
(2) as follows:
Later since we assumed that payment to each factor is equal to their marginal products and based on Euler's theorem, the total amount to each element will be as follows:
So that concerning Eq. (3) and 1-represent the share of labor and capital in output respectively. By considering the mentioned relations, the accuracy of relation Eq. (4) is verified as follows:
According to the basic concepts in production theory in the possible area for production, the following double inequality is real:
Later, the function of which is in complete agreement with basic concepts of production theory is presented as follows:
So that the amounts of 1 and * * are as follows:
Following Eq. (6) we can obtain that:
So, 0 − 1 and 1 shows the minimum and maximum amounts for the share of labor in output respectively. Figure 1 illustrates the share of labor from the output in every given level for k. Later, if ( ) < 0 − 1 then, labor input will not tend to participate in production process and if ( ) > 1 then, the capital input will not tend to participate in product the on the process. Now by using the efficient production function, the marginal labor and capital products can be derived as follows:
Later, by using the obtained functions for marginal labor and capital products about Eq. (11) the accuracy of relations Eq. (12) and Eq. (13) can be verified as follows:
Relation Eq. (12) represents the fact that by increasing the ratio of capital per worker, the amount of wage per worker approximately approaches to maximum output per worker and by contrast, the amount of profit per worker roughly approaches to minimum production per worker.
Also relation Eq. (13) represents the fact that by decreasing the ratio of capital per worker the amount of wage per worker approximately approach to minimum output per worker and by contrast the amount of profit per worker roughly approaches to maximum output per worker.
Under the mentioned conditions it can be easily seen that, if in an economic system the ratio of capital per worker begins to increase, then the share of labor from output will increase and by contrast, the share of capital from output will decrease. Also by reducing the ratio of capital per worker, the percentage of labor from output will decrease and by contrast the share of capital from output will increase while in Cobb-Douglas production function the share of capital and labor is always fixed for any given ratio of capital per worker which is in contrast with primary concepts of production theory.
Later, it can be easily shown that the elasticity of substitution for the given production function is as follows:
According to the relation Eq. (14) it can be seen that the amount of elasticity of substitution for efficient production function for, * < < * * is always between zero and one.
Based on relation Eq. (14), it is considered that for * < < * * the efficient production function is a function with variable elasticity of substitution, and for, ≤ * and for, ≥ * * the efficient production function changes to Cobb-Douglas production function.
So it is evident that the efficient production function is not only in complete agreement with primary concepts of production theory, but also is in entire agreement with the empirical observations of the U.S. economy during the last two centuries.
Conclusion
Although the creation of Cobb-Douglas production function was a masterpiece in its kind, according to some empirical studies by econometrics experts which were mentioned in the review of literature, shows that the share of factors from output was not fixed in specific periods. Therefore, using Cobb-Douglas in the mentioned period due to the variety of the share of the factors, cannot be accurate enough. This function can be only used when the ratio of capital per worker is assumed to be fixed, or the mentioned ratio must lie in a domain in which production factors including labor or capital benefit from the minimum share of output.
Under the mentioned conditions, if we want to use Cobb-Douglas production function in our analysis since, in this function, the share of factors from output is presumed to be fixed, then we will observe a crucial mistake in our analysis. As it was seen this mistake is the result of ignoring the accepted primary concepts in production theory. In this paper through presenting a function for the share of factors of output which is in complete agreement with central production theories in microeconomics and by choosing some assumptions for production function and also payment to each factor equals to their marginal products we create a production function which was called the efficient production function. Then we tried not only to remove the major defects in CobbDouglas production function. But also by accepting the presented theory, the need for most previous theories which have caused problems and even the developed functions have not been able to solve the problem will be removed. In the end, the efficient production function not only is in complete agreement with the primary production theories but also it is an entire understanding to the most in empirical observations of the U.S economy.
